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Abstract 

Let E be a compact oriented surface immersed in a four dimen- 
sional Kahler-Einstein manifold (M, ui). We consider the evolution 
of E in the direction of its mean curvature vector. It is proved 
that being symplectic is preserved along the flow and the flow does 
not develop type I singularity. When M has two parallel Kahler 
forms ui' and u>" that determine different orientations and E is 
symplectic with respect to both u>' and u", we prove the mean 
curvature flow of E exists smoothly for all time. In the positive 
curvature case, the flow indeed converges at infinity. 

1 Introduction 

Let (M, g) be a Riemannian manifold and let a be a calibrating fc-form 
on M i.e. da = and comass(a) = 1. In this article, we shall assume 
additionally a is parallel. This in particular implies M is of special 
holonomy. 

A fc-dimensional submanifold is said to be calibrated by a if the 
restriction of a gives the volume form of the submanifold. A simple ap- 
plication of Stoke's theorem shows a calibrated submanifold minimizes 
the volume functional in its homology class. To produce a calibrated 
submanifold, it is thus natural to consider the gradient flow of the vol- 
ume functional. By the first variation formula of volume, this is equiva- 
lent to evolving a submanifold So in the direction of its mean curvature 
vector. To make it precise, the mean curvature flow is the solution of 
the following system of parabolic equations. 



— (x,t) = H(x,t) 



where F : E x [0, T) — > M is a one parameter family of immersions 
F t (-) = F(-,t) of E into M. H(x,t) is the mean curvature vector of 
i*i(E) at Ft(x). We say i 7 is the mean curvature flow of the immersed 
submanifold i*b(E). For a fixed i, the submanifold i*t(E) is denoted by 
E^. If we assume M = W 1 . In terms of coordinate x 1 , • • • , x k on E, the 
mean curvature flow is the following system of parabolic equations 

F = F A (x 1 ,--- ,x k ,t), A=l,---n 



dF A _ ^ ljpA _&£^_ 



n 



where g lJI is the inverse matrix to gij = ^r^r and = 5^ — 

3 15aF^x r 1S e P ro J ec t 1 on to the normal part. 

The mean curvature flow of hypersurfaces has been studied exten- 
sively in the last decade. In this case, the mean curvature H is essen- 
tially a scalar function and the positivity of H is preserved along the 
flow. Very little is known in higher codimension except for the curve 
flows. 

This article considers the next simplest higher codimension mean 
curvature flow, namely a surface flows in a four dimensional manifold. 
We impose a positivity condition on the initial submanifold. An oriented 
submanifold E is said to be almost calibrated by a if *a > where * is 
the Hodge star operator on E. 

The following question arises naturally. Can an almost calibrated 
submanifold be deformed to a calibrated one along the mean curvature 
flow? We study this question in the case when M is a four-dimensional 
Einstein manifold and So is almost calibrated by a parallel calibrating 
form. When M is a Kahler-Einstein surface and the calibrating form is 
the Kahler form, an almost calibrated surface is a symplectic curve with 
the induced symplectic structure. A calibrated submanifold in this case 
is a holomorphic curve. 

We use blow up analysis to characterize the singularities of mean 
curvature flow of symplectic surfaces. It turns out they are all so-called 
type II singularities. 

Theorem A Let M be a four-dimensional Kahler-Einstein manifold, 
then a symplectic surface remains symplectic along the mean curvature 
flow and the flow does not develop any type I singularities. 
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When M is locally a product and the initial surface is almost cali- 
brated by two calibrating forms, we prove the following long time exis- 
tence theorem. 

Theorem B Let M be an oriented four- dimensional Einstein manifold 
with two parallel calibrating forms u',u" such that uJ is self-dual and 
uj" is anti-self-dual. IfY, is a compact oriented surface immersed in M 
such that *u/, *uj" > on S. Then the mean curvature flow of S exists 
smoothly for all time. 

We remark that the assumption implies M is locally a product of two 
surfaces. As for convergence at infinity, we prove the following theorem 
in the non-negative curvature case. 

Theorem C Under the same assumption as in Theorem B. When M 
has non-negative curvature, there exists a constant 1 > e > such that if 
£ is a compact oriented surface immersed in M with *u/, *uj" > 1 — e on 
£, the mean curvature flow o/£ converges smoothly to a totally geodesic 
surface at infinity. 

This is proved by an uniform estimate of the norm of the second 
fundamental form. 

When M = S 2 x S 2 , the combination of Theorem B and C yields 

Theorem D Let M = (S 2 ,u>i) x (S" 2 ,^)- If £ is a compact oriented 
surface embedded in M such that *u\ > | *c<J2 1 - Then the mean curvature 
flow of £ exists for all time and converges smoothly to an S 2 x {p}. 

This theorem in particular applies to the graph of maps between 
two Riemann surfaces. Namely, let / : (Si,u;i) — > (£2,^2) be a map 
between Riemann surfaces of the same constant curvature and tOi is the 
volume form of Sj. We consider the product M = Si x £2 an d let 
uj' = u>i + ll>2 and to" = u)\ — u>2- If the Jacobian of / is less than one, 
then we have *u>' > and *uj" > on the graph of /. Therefore this 
formulation gives a natural way to deform the map / to a constant map. 

Corollary D Any smooth map between two-spheres with Jacobian less 
than one deforms to a constant map through the mean curvature flow of 
the graph. 

The article is organized as the followings. In §2, the parabolic equa- 
tion satisfied by a general parallel form along the mean curvature flow 
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is derived. §3 discusses general calibrating two-forms in a four dimen- 
sional space. §4 computes the equation satisfied by a Kahler form along 
the mean curvature flow. §5 studies the singularities of mean curvature 
flow of symplectic surfaces and proves Theorem A. §6 concerns long 
time existence and Theorem B is proved there. Convergence at infinity 
is discussed in §7. Theorem C is proved at the end of this section. §8 
discusses applications in the positive curvature case and proves Theorem 
D. 

This project starts in the fall of 1998 in an attempt to answer Profes- 
sor S.-T. Yau's question " how to deform a symplectic submanifold to a 
holomorphic one". Theorem A, in particular the result "symplectic re- 
mains symplectic" and the exclusion of type I singularity, was obtained 
in the summer of 1999. It has been presented in the geometry seminars 
at Stanford, U. C. Berkeley, U. C. Santa Cruz and U of Minnesota be- 
tween February 2000 and May 2000. I would like to thank Professor 
R. Schoen and Professor S.-T. Yau for their constant encouragement 
and invaluable advice. I also have benefitted greatly from the many 
discussion that I have with Professor G. Huisken, Professor L. Simon 
and Professor B. White. 

2 Evolution equations of parallel forms 

Let F : E 2 — > M 4 be an isometric immersion of an orientable surface 
into a four-dimensional Riemannian manifold. We fixed an orientation 
on E. The restriction of the tangent bundle of M to E splits as the 
direct sum of the tangent bundle of E and the normal bundle. 

TM| S = TE© NT 

The Levi-Civita connection on M induces a connection on TE. We 
denote the connection on M by V and the induced connection on TE 
by V. Therefore, 

V X Y = (V X Y) T 

for any tangent vector fields X, Y. Here (-) T denotes the projection 
from TM onto TE and (-) N shall denote the projection onto NT. 

The second fundamental form A : TE x TE NT is defined by 
A(X, Y) = {V X Y) N . We also define B : TTx NT ^ TTby B(X, N) = 
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(VxN) T . The relation between A and B is 

< A(X, Y), N >=- <Y, B(X, N) > 

Notice that we have identified X G TE with F*(X) € TM. 

Fix a point p £ S, Let {x 1 } be a normal coordinate system for E 
at p and {y A } a normal coordinate system for M at -F(p). We denote 

by and identify it with j^. The induced metric on E is given by 
<?fc« =< <9&, di >. The mean curvature vector along E is the trace of A, 
i.eH = g kl A(d k ,d l ). 

Let tJ be a parallel two form on M and lo = F*ZJ be the pull-back 
of oj on E. We first compute the rough Laplacian of w on S. 

Auj = g kl V dk V dl io 

Lemma 2.1 

(Au,)(X, Y) = uJ((V x H) N , Y) - ZJ((V Y H) N , X) 

- g kl ZJ((K(d k ,X)d l ) N , Y) + gMwdK^YM)*, X) 
+ g kl uJ(B(d k ,A(d h X)),Y)- g kl ZJ(B(d k ,A(d h Y)),X) 
+ 2g kl u(A(d k ,X),A(d l ,Y)) 

(2.1) 

where K(X,Y)Z = — V^VyZ + VyVjfZ — Vy x ,Y]Z is the curvature 
operator of M. Notice that < K(X,Y)X,Y » if M has positive 
sectional curvature. 

Proof. Since both sides are tensors, we calculate at the point p using a 
normal coordinate system. Therefore g k \ = S k i and all connection terms 
vanish. Now 

(Auj)(di,dj) = d k [d k (uj(di,dj)) - uj(\7 dk di,dj) - uj(di,V dk dj)\ 

The term in the bracket is 
d k {u{di,dj)) - u>(V dudi^dj) - uj(di,V dk dj) 

= {V dk uj)(di, dj) + u(Va k di,dj) + uj(di, V dk dj) - uJ(V dk di, dj) - uJ(di,V dk dj) 
= uJ{A(d k ,di),dj) + uj{di,A(d k ,dj)) 

where we have used the fact that oj is parallel and Vg k d{ — Vg fe 9j = 

A(d k ,di). 
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Therefore 

Acu(di,d 3 ) = d k p(A(d k ,d i ),d j )+uJ{d i ,A(d k ,d j ))] (2.2) 

Use Leibnitz rule and the parallelity of uJ again. 

d k (uj(A(d k ,di),dj) _ 
= uJ(Va k A(d k , d { ),dj) + zn(4(fy, V^S,-) 

= Lj((v dk A(d k ,di)) T + (v dk A(d k ,di)) N , dj) + u(A{d k , di), v dk d 3 + A(d k , d 3 )) 

= uJ(B(d k , A(d k , fy) + wM^d&Aidk, d,)) + UJ((V dk A(8 k , d { )) N , 8 3 ) 
where we have used Vg fe <9j = at the point p in normal coordinates. 



w((V^(^,30)* fy) 

= ZJ((V dk V 9i d k ) N , di)- ZJ_((V dk V di d k ) N , d 3 ) 

= uJ((-K(d k , 8i)d k , +V di W dk 8 k f,d j ) - ZJ(B_(d k , V di d k ),dj) 

= -zo((K(d k , di)d k ) N , d 3 ) + uj((v 9i h) n + (y 9i v dk d k ) N , d 3 ) 

= -u)((K(d k , di)d k ) N , d 3 ) + uJ((V di H) N , dj) + <3{B(di, v dk d k )), d 3 ) 

The last term vanishes in normal coordinates. 
Thus we have proved 



d k (u(A{d k , di), d 3 ) = u{B(d k ,A{d k ,di)), d 3 ) + uJ(A(8 k , 8i), A{8 k ,8 3 )) 
- uJ((K(d k ,di)8 k ) N , d 3 ) + uJ((V dx H) N , 8 3 ) 

Plug this equation back into equation ( [2. 2D and anti-symmetrize i, 
j and the lemma is proved. q.e.d. 

Let's represent the fixed orientation on £ by a two-form dfi. Let 
F : £ x [0, T) — > M be the mean curvature flow of S. The immersion Ft 
induces a pull-back metric gt on S. The volume form of gt is denoted 
by dfj, t = y/det g t dfj,. 

Now we consider the evolution equation of uit = Fj* (ZJ). This is a 
family of time-dependent two forms on the fixed surface S. Let the 
one- form at be defined by at (X) = ZJ(H t ,X). 

Lemma 2.2 Along the mean curvature flow 

d A 
—io t = da t 

dt 

For any vector field X,Y E TT,, 

^uh(X, Y) = U((V X H) N , Y) + ZJ(X, (VyH) N ) + Io(B(X, H),Y) + uJ(X, B(Y, H)) 
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Proof. 



—uj t (di,dj) = LL>(VHdi,dj) + uj(di,VHdj) = Lo(V di H,dj) + u;(di,V dj H) 

By definition V a .H = {V di H) N + B{8 i: H). 
On the other hand 

da t (di, dj) = di(u(H, dj)) - d 3 (uJ{H, di)) = ul(V dt H, dj) - uJ(V d] H, 

q.e.d. 

The volume form dfit determines a Hodge operator *t. Therefore 
*t^t becomes a time-dependent function on S. 

Proposition 2.1 Let uJ be a parallel two-form on M. F t : £ M be 

the t slice of a mean curvature flow and uj t = F^(uj) be the pull-back 
form on S. Then rj t = *t^t satisfies the following parabolic equation. 

j tVt = (A t r] t ) + \A\ 2 Vt 

- 2uj(A(e k , ei), A(e k , e 2 )) + W((K(e k ,ei)e k ) N , e 2 ) - uJ((K(e k , e 2 )e k ) N , d) 

where \A\ is the norm of the second fundamental form, \A\ 2 = g 1 ^ g kl < 
A(di,d k ), A(dj,di) > and {ei,e2} any orthonormal basis with respect to 
9t- 

Proof. Combine the previous two lemma, we get 

jU t {X, Y) = (A t ut)(X, Y) + uJ(B(X, H),Y) + W(X, B(Y, H)) 

+ g kl uJ((K(d k ,X)d l ) N , Y) - g kl u)((K(d k , Y)d l ) N , X) 
- g kl uJ{B{d k ,A{d u X)),Y)+ g kl Zo{B{d k ,A{d h Y)),X) 
-2g kl uJ(A(d k ,X),A(d l ,Y)) 

(2.3) 

Now * t uJt = ^^tg^ where { (?i , c?2 } is a fixed coordinate system on 
S and det <ft is the determinant of (<7t)ij =< (Ft)#di, (F t )*dj >. 
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It is easy to compute 

-^A/det It = ~\H\ 2 \/ del g t 

where is the norm of the mean curvature vector. 
Thus 



^-* t u) t = 1 37^(di,<9 2 ) + \H\ 2 * t uj t 
at ydet gt at 



Now we use equation ( |2.3| ) with X = d\ and Y = 9 2 . 

The first term is -^=^(A t u>t)(di, <9 2 ) = *tA t u>t = A< *t u>t because 
the Hodge *t operator is parallel. 

For other terms we can take any orthonormal basis {ei,e2} with 
respect to the metric gt to calculate. 

It is not hard to see 



u(B(e 1 ,H),e 2 )-(3(B(e2,H),e 1 ) 
= *t^t(< B{e u H),ei > + < B{e 2 ,H),e 2 >) 
= -*t 0J t (< A(ei,ei),H> +A(e 2 , e 2 ), H > 
= -*t uJ t \H\ 2 

Likewise, 



u(B(e k ,A(e k ,ei)), e 2 ) - u(B(e k , A(e k , e 2 )), ei) 
= *<wt(< B(e k ,A(e k ,e 1 )),ei > + < B(e k , A(e k , e 2 )), e 2 >) 
= -*t 0Jt{< A(e k ,ei),A{e k ,e 1 ) > + < A(e&, e 2 ), A(e fc , e 2 ) >) 

q.e.d. 



3 Calibrating two-forms in four-dimensional spaces 

Let V — R 4 be an inner product space and a E A 2 V* a two form. We 
shall use the inner product to identify V and V* and this induces inner 
product on all A k V*. First let's recall the definition of comass of a, 

comass(a) = max a(x) 

x£G(2,V) 

where G(2, V) is the Grassmanian of all two-planes in V. G(2, V) can 
be described by 



8 



G(2, V) ={xe A 2 V,xAx = 0and|x| 2 = 1} 

Now we fix an orientation v £ A 4 ^* and normalize so that \v\ = 1. 
Given any orthonormal basis {ei, e2, e3, 64} for V such that i/(ei, e2, e^, e^) = 
1, the following two-forms give an orthonormal basis for A 2 V*. 



"i = 7s(e* + e|) A = ^=(ej A - e| A e|) 
a 2 = ^(ej Ae|-^A e|) ft = ^ Ae| + ^A e|) 
«3 = ^(ej A e| + A e*) /% = ^(e* A e| - A e*) 

These forms serve as coordinate functions on G(2,V), under the 
identification 

x -> (aj(x), 

An element x in G(2,y) satisfies E^x)) 2 = Ei(AW) 2 = i There- 
fore G(2,7)^ 2 ^)x5 2 (^). 

Now for any given a € A 2 F*. We identify a with an element K 
in £nd(V) by a(X,Y) =< K(X),Y >. Since yf^lK is Hermitian 
symmetric and purely imaginary, it has real eigenvalues ±Ai,±A2- We 
can require a A a = A1A2ZA A1A2 is actually the Pfaffian of a and 
det K = (A1A2) 2 . A form is self-dual (anti-self-dual ) if A1A2 = 1(— 1). 

Lemma 3.1 

comass(a) = max{|Ai|, | A2 1 } 

Proof. We can find an orthonormal basis {ei, e2, e^, e^} with v(e±, e2, e$, e^) 
1 such that a = \\e\ A e\ + \2e^ A e|. In terms of the self-dual and 
anti-self-dual bases associated with {e±, e2, e$, e^}. 



Therefore 



< ^(|Ai + A 2 | + |A 1 -A 2 |) 
= max{Ai, A 2 } 
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We notice that if | Ai| / | A2I, a unique plane is calibrated by a. How- 
ever if I Ai| = I A2 1 , then a two-dimensional family of planes in G(2,V) 
are calibrated by a. 

q.e.d. 

Lemma 3.2 A self-dual or anti- self- dual calibrating form a can be writ- 
ten as a(-, •) =< K(-), • > with K G 0(4, V), the orthogonal group. 

Proof. If a is calibrating and self-dual or anti-self-dual, then max{Ai , A2} = 
1 and A1A2 = ±1, therefore Ai = ±1 and it is not hard to see that K is 
an isometry. 

On the other hand, if a is induced by an isometry J, then det J = 
±1, therefore A1A2 = ±1 and a is self-dual or anti-self-dual. q.e.d. 

Proposition 3.1 Let (x,fi) be an oriented two-plane in V. Let a be 
a self-dual calibrating form and (3 be a anti -self-dual calibrating form. 
Then there exists an orthonormal basis {ei, e2, e$, e{\ for V with {ei, 62} 
a basis for x such that fJ,(e±, e^) > , v{e\, e2, e$, e^) > 0, a(eA, ee), A, B = 
1 • • • 4 is of the form 



( m Ci \ 

-vi -Ci 

-Ci m 

\ Ci -m / 

where rji = a(e±, e2), Ci + Vi = 1? an d fli^A, &b) is of the form. 

( 7? 2 C2 \ 

-r? 2 C2 

-C2 -r? 2 

V -C2 ?72 / 



(3.1) 



(3.2) 



where 772 = (3(ei, e'l) and rfe + Cf = 1- 



Proof. Let -fT, L be the elements in End(V) corresponding to a and (3. 
If 771 / ±1, we take any orthonormal basis {ei,e2} with /j(ei,e2) > 0. 
Notice that (Ke\) T = r/ie2. Let 



e 4 





•> 

-r/f 




1 

•> 
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Therefore otA,B is of the required form. If rji = ±1, then any 
{ei, e2, e3, e^} compatible with fi and v works. 

It is not hard to check that K and L as elements in End{V) commute 
and KL is a self-adjoint operator. Therefore we can rotate {ei,e2} to 
get a new basis so that < KLe\, e 2 >= 0. 

This implies 

< Lei,e 4 >= 1 < Lei,Ke 2 + r)\e\ >= , 1 = < KLe 1 ,e 2 >= 

V 1 - m V 1 - »7i 

Likewise < Le 2 ,e^ >= 0. That < Le\,e% >= — < Le 2 ,e4 > follows 
from the fact that (3 is anti-self-dual. 

q.e.d. 

Finally, we make a remark about a + (3. In the above basis a + is 
of the form 

/ o m + m C1 + C2 
-m - V2 
-Ci - C2 

V Ci - C2 -m + % 

If the eigenvalues of a/— T(a+/3) are ±Ai and ±A2, then it is not hard 
to compute that Af A| = ((r/i+r/ 2 )(??i-??2)-(Ci + C2)(-Ci+C2)) 2 = and 
A? + A! = (»& + t? 2 ) 2 + (Ci + C2) 2 + (m - m? + (Ci - C2) 2 = 4. Therefore 
7j(a + (3) is a calibrating form and calibrates a unique two-plane. 

4 Surfaces in Kahler manifolds 

In the section, we assume uJ is a parallel self-dual calibrating two form 
and ZJ(X, Y) =< J(X), Y >. J is then a parallel almost complex struc- 
ture. M is therefore a Kahler manifold with Kahler form uJ. 

We shall compute the equation of r] t = *t^t along the mean curvature 
flow. 

The following Lemma is well-known. 

Lemma 4.1 Let K(-, •) be the curvature operator of M and Ric(-, ■) be 
the Ricci tensor of M. In terms of any orthonormal basis {e±, e 2 , e$, e{\, 
the Ricci form is 

Ric(JX,Y) = ^K(X,Y,e A ,J(e A )) 



\ 

-C1 + C2 

m - m 
/ 



(3.3) 
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Proof. 

This is seen by the following calculation 



K(JX,e A ,Y,e A ) 
=K(JX,e A ,J(Y),J(e A )) 

= - K(JX, JY, J(e A ),e A ) - K(JX, J(e A ),e A , J(Y)) 
=K(X, Y, e A , J(e A )) - K(JX, J(e A ),Y, J(e A )) 

Now K(JX, e A , Y, e A ) = K( JX, J(e A ), Y, J(e A )) since {J(e A )} is also 
an orthonormal basis. q.e.d. 

Let F : X — > M be an isometric immersion. £ is equipped with a 
fixed orientation d\x. By Proposition |3.1| , for any point p £ £ it is pos- 
sible to choose an orthonormal basis {ei, e 2 , e 3 , e 4 } for T p M such that 
dfj,(e 1 ,e 2 ) > and ZJ 2 (ei, e 2 , e 3 , e 4 ) = uJ(ei, e 2 )uJ(e 3 , e 4 )-uJ(ei, e 3 )uJ(e 2 , e 4 )+ 
uJ(ei, e 4 )u;(e 2 , e 3 ) > and such that uJ^.s = w(eA, ee), A, B = 1 ■ • • 4 is 
of the form. 



'/ 





V 










-v 







/ 



(4.1) 



where 77 = w(ei,e 2 ) = 

We first use this basis to calculate the curvature term in Proposition 



Proposition 4.1 Lei Ric(-,-) be the Ricci tensor of M. to a parallel 
Kahler form. Then rj = *tUJt satisfies the following equation 



^-•q = An + ri[(h 31k - h i2k ) 2 + (h 32k + h 41k ) 2 ] + (1 - ri 2 )Ric(Je 1 ,e 2 ) 
at 

(4.2) 

where {ei, e 2 , e 3 , e 4 } is any orthonormal basis forT p M such that {ex, e 2 } 
forms an orthonormal basis for T'Et , d/j,(ei,e 2 ) > and uJ 2 (ei, e 2 , e 3 , e 4 ) > 
0. A(ei,ej) = h 3 ije 3 + h^e^ is the second fundamental form. 



Remark 4.1 Notice that the term {h 3 ik — ^42fc) 2 + (^32fc + /i4ife) 2 de- 
pends only on the orientation of{e\, e 2 , e 3 , e 4 } 6ui not on i/ie particular 
orthonormal basis we choose. 
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Proof. 

First we show 

uJ((K(e k , e\)e k ) N , e 2 ) - uj((K(e k , e 2 )e k ) N , ei) = (1 - r] 2 )Ric(Jei,e 2 ) 

(4.3) 

By definition, 

u;((K(e k , ei)e k ) N , e 2 ) - u((K(e k , e 2 )e k ) N , e x ) 
= ~ < (Je 2 ) N ',K(e k ,ei)e k > + < {Jei) N ,K(e k ,e 2 )e k > 

Therefore when rj = ±1, equation ( |4.3| ) is obvious, therefore we may 
assume 77 7^ rhl and apply the basis in equation fl4.1| ) and get 

y/l~^rf(K(e k ,e 2 ,e k ,e 3 ) + K{e k , e x , e k , e 4 )) = \A - r/ 2 (if (ei, e 2 , e x , e 3 ) + K(e 2 , e x , e 2 , e 4 )) 
By the previous lemma, 

Ric(JX, Y) 

= -J A BK(X,Y,e A ,e B ) 

= ri(K(X, Y, ei ,e 2 ) + K(X, Y, e 3 , e 4 )) + ^1 - ttW*, ^, ei , e 3 ) - K(X, Y, e 2 , e 4 )) 

Since J is parallel and isometry, the curvature tensor is J invariant, 
therefore we have 



K(X,Y, ei ,e 2 ) = K(X,Y,J( ei ),J(e 2 )) 



Use (4-1) again, this is the same as 



[l - V 2 )(K(X, Y, e x , e 2 ) + K(X, Y, e 3 , e 4 )) = V y/T=tf{K(X, Y, e x , e 3 ) - *f (X, Y, e 2 , e 4 )) 
Therefore 



J Ric(JX,F) 



1 



V 1 - w 



:(K(X,Y,e u e 3 ) - K(X,Y,e 2 ,e±)) 



Equation (|4. 3[) now follows by substituting X = e x ,Y = e 2 . 

We use the basis in equation (|4.1j) to calculate the rest terms in 



Proposition [24. 
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ri\A\ 2 -2uJ(A{e k ,ei),A{e k ,e 2 )) 

=7](\A\ 2 - 2h 31k h 42 k + 2/l 4 lfc^32fc) 

Equation ( f4.2| ) follows by completing squares. 

q.e.d. 

Remark 4.2 When M is a Kahler manifold with Kahler form TD and 
almost complex structure J. The second fundamental form of a holo- 
morphic submanifold has the symmetry h^\ k = /i42fc,/i4ifc = — ^32fc- 

5 Asymptotics of Singularities 

In this section, we study the asymptotic behavior of singularities of the 
mean curvature flow. In particular, we show that no type I singularity 
will occur in the mean curvature flow of symplectic surface in a four- 
dimensional Kahler-Einstein manifold. Techniques involved are blow-up 
analysis and monotonicity formula of backward heat kernel. 

The following lemma says singularity forms only when the second 
fundamental form blows up. 

Lemma 5.1 Given any mean curvature flow F : X x [0, to) ~~ ► M, 
suppose sup tg [ 0i t ) sup^g^ |^4|(x,t) is bounded where \A\(x,t) is the norm 
of the second fundamental form for at Ft{x). Then F can be 

extended to £ x [0,£o) f or some to > to- 

Proof. It can be shown that all higher covariant derivatives of the second 
fundamental form are uniformly bounded. For the detail see ||] for the 
hyper surf ace case. q.e.d. 

Since the study of singularities is local, it is more convenient to adopt 
an unparametrized definition of mean curvature flow introduced in |l2|] . 
Let M be an m— dimensional Riemannian manifold of bounded geom- 
etry. An immersed smooth submanifold S C M x K is a smooth flow 
if the function r : M x R — ► R, r(y,t) = t has no critical points in S. 
St = S n M x {t} is called the t-slice of S. At each point (y, t) £ S, the 
normal velocity v(y,t) is the unique vector that satisfies v is normal to St 
and v + Jt is tangent to S. H(y, t) is the mean curvature vector of St at 
(y, t). We allow M and St to have boundary. In fact, all unparametrized 
flow considered in this article is of the form U tg [ 0j j )(i ? t(S) PI B) x {t}, 
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where F is a parameterized mean curvature flow of a compact mani- 
fold X without boundary and B is an neighborhood of y in a complete 
Riemannian manifold. Therefore dSt C dM. 



Definition 5.1 A smooth flow S is called a (unparametrized) mean 
curvature flow if 

v(y,t) = H(y,t) 

at each point of (y,t) £ S. 

Let (yoj to) be an interior point inMxl. When M is the Euclidean 
space, in || Huisken introduces the backward heat kernel to study the 
asymptotic behavior near singular points. Recall the (n-dimensional) 
backward heat kernel p y0! t a t (z/o ? *o ) ■ 



PvoMVJ) = —— — ^exp(— — ) (5.1) 

(4vr(to-t)) 2 4 (*o - t) 

The monotonicity formula of Huisken asserts for t < to 



d f 

J t / Pyo,t dpt < 



For general Riemannian manifold M, following |11], we isometrically 
embed M into R N . The mean curvature flow of S in M now reads. 



—F=H=H+E 
dt 

where F is the coordinate function in M. N , H is the mean curvature 
vector of E in M, H is the mean curvature vector of S in M. N , and 



i 

Here A denotes the second fundamental form of M in W N and {e^} 
is an orthonormal basis for TUf 

In the general case J p y0: t d^t is no longer decreasing, however the 
following is still true. 
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Proposition 5.1 Let S C M X R be a mean curvature flow such that 
dSt C dM . We fix an isometric embedding M W N and let p yih t Q be 
the (n- dimensional) backward heat kernel at (yo,to). Then the limit 



& / Pyo^t 

exists, where d[it is the Radon measure associated with St C M. 

Proof. See Proposition 11 in [0|. q.e.d. 

The limit is called the Gaussian density of S at (yo,to) in |TJ]. The 
Gaussian density can be used to detect singularities of mean curvature 
flow. The following theorem of White in [jTJ] is a parabolic analogue of 
Allard's regularity theorem. 

Theorem 5.1 There is an e > such that whenever 



lim / p yo ,t dfi t < 1 + e 
, it can concluded that (yo,to) is a regular point ofS. 



A regular point is a point where the second fundamental form is 
locally bounded in Holder norm. 

To study singularity, we consider the parabolic blow-up near a pos- 
sible singular point. Let F : Ex [0, to) ~~ * M w M N be a parameterized 
mean curvature flow. Let B be a ball about yo of radius r in W N . 
Take S = Uf e [ 0j t )(i 7 t(S) C\B)x {t}, then S is an unparametrized mean 
curvature flow in B. 

For any A > 1, the parabolic dilation D\ at (yo,to) is defined by 



D x :R N x [0,to) -» I w x [-A 2 t ,0) 

(p,t) (A(y-y ),A 2 (t-t )) 



2,. , . (5-2) 



For any s, — A 2 io < s < 0, the two slices and 5 to+ « can be 

identified and dn^ = \ n dpt- 

It is not hard to check that if we denote F^{x) = \{F t (x) — yo) for 
s = X 2 (t - i ), then 
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p ,o(F*(x),s) = p Q>0 (\(F t (x) - y ), \ 2 (t - t )) = ±- Py0ito (F t (x),t) 



Therefore 



J Pyo,t dpt = J Pofldpl 



is invariant under the parabolic dilation. 

The singularity of S near (yo,to) is reflected in the asymptotic be- 
havior of S x as A — > do. 

Take any sequence Aj — ► oo, it can be proved as in Q and IO] that 
a subsequence of S Xi converges to a Brakke flow 5°° C x (— oo,0). 
5°° is called a tangent flow of S at (yo, ^o)- 

Now we state and prove the main proposition in this section. 

Proposition 5.2 If F : £ x [0, to) ~~ ► M l w is a mean curvature 
flow of an orientable surface in a (real) four dimensional Kahler mani- 
fold M. Assume the second fundamental form of M ^ M. N is bounded. 
Let lo(-, •) =< </(•), ■ > be a Kahler form on M . If there exist 5, C > 
such that rjt = *0Jt > S on -Ft(S) fort G [0, to) and such that \A\ 2 < j^-f., 
then F can be extended to £ x [0, to) f or some to > to- ■ 

Proof. Let yo £ M, we shall consider the blow up of the mean curvature 
flow at (yo,to)- Let B be a ball of radius r about yo i n ^ N an d ip be 
a cut-off function supported in B so that tp = 1 in the ball of radius | 
about yo- We assume 



|vv>| + |vv</>| < c 

where V is the covariant derivative on M. N . Recall the equation for rj is 

^-n = An + n[(h 31k - h A2k ) 2 + (h 32 k + h 41k ) 2 } + (1 - rj 2 )Ric{Jei,e 2 ) 
dt 

The backward heat kernel p y0l t satisfies the following parabolic 
equation along the mean curvature flow. Notice that V and A are 
the covariant derivative and the Laplace operator on T,t respectively. 



d l-F" 1 ! 2 F 1 ■ H F 1 - ■ E 

-p yo>to = —Ap y0)to - Pyo,t ( A{tQ _ t)2 + + 2{tJ~t) ) (5 ' 3) 



17 



where F 1 - is the component of F £ TM. N in T~R N /TUf This equation 
for mean curvature flow in a Euclidean space is essentially derived by 



Huisken || and in a general ambient manifold by White [11|. It is 
derived in the next paragraph for completeness. Recall that 

^-F(x,t) = H = H + E 
at 

where H £ TM/TT, is the mean curvature vector of Ej in M and 
H € TM. N /TTt is the mean curvature vector of £j in R . 
We may assume yo is the origin and then 

1 -\F(x t)\ 2 

Py ,t (F(x,t),t) = —— —n exp( ' ) 

(47r(t -t)) 2 4 (.*0-*J 

Abbreviate p yo< t Q (F(x,t),t) by p, it is not hard to see 

d_ = n \F{x,t)\ 2 F-H 

dt P ~ P[ 2(t -t) 4{t -t) 2 2(t -ty [ ' 

We shall compute X]j(V ei Vp) ■ e, in two different ways, where V 
denotes the covariant derivative in M. N and {e^} is an orthonormal basis 

for rs. 

]T(V e ,Vp) • e t = £ V ei (Vp + (Vp)™"^) -ei = Ap-Vp-H 

i i 



On the other hand, 



^—-(Vp-F + p^Ve^-e, 



2(t - 1) 

-F^-F + np) 



1 / P 



2(t -*) v 2(to-t) 
p( — 1 ^ |F TS|2 



•4(t -t) 2 ' 1 2(t -t) 
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Compare these two equalities, we get 



Now add equations (pT3) and (5.5), we get 



d 

dt P + Ap 

= , 9 ^ (l^ TE | 2 " l^l 2 ) " , 9 t (F -H + F-H) 

/j IF^I 2 - . 9 (F ± -H + F ± -H) 



4(t -t) 2 ' ' 2(t -t) 
where F 1 - = (_F) teJV / TS . Recall that H = H + E and we get equation 

(PD- 

The minus sign in front of the Laplacian in equation ( |5.3| ) indicates 
the fact that p satisfies the backward heat equation. The following 
inequality is particularly useful when deal with backward heat kernels. 

g{-Ap) + (Ag)p = -div(Vpg) + dw(pVg) (5.6) 
The volume form dpt of £* satisfies the equation 

—dm = -\H\ 2 dp t =-H-(H + E)dp t 



Therefore 

dt 



— I -0(1 - rj)py ,t dp t 



d f d 

— -0(1 - v)]Pvo,to d Vt + / ^(1 - ? ?)[^Pyo,to] <*A*t - / ^(1 - ??Ko,io H ■ (H + E)dp t 



Plug the equation (5.3) for -^Py ^ , use the identity (|5.6| ) with 



g = — rf), and complete square we get 



d f 

— / V(l - V)py ,t dpt 

d_ 

dt' 

(5.7) 



[-Ml - 7?)) " A(^(l - r?))K ,t dM* 
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Now 

^(V(l - n)) - A(V(1 - ri)) = ^{-j t r] + A ??) + (VV • H)(l -7]) + 2VV ■ Vrj - AV(1 

where we use = VV ■ -H"- 
Integration by parts, 

J [2VV • Vr? - AV(1 - V)]py ,t d»t = /[VV ■ Pyo,t + VV • Vp w , t() (1 - rj)]dp t 
Therefore, we have 

-^ J V(l - ??)Pj/ ,to 

= - y ^VPy ,t K h 31k ~ W2kf + (/l32fc + /i41fc) 2 ] d/i* 

/l E f \E\^ 

^C 1 ~ v)py ,t \H + — — F - 1 + -| 2 d/At + y i/j(l-r])py 0:to —dfit 

+ y [(VV • fT)(l - r / )p 2/0 , t0 + VV • Vf/^.to + • Vpj, , to (1 - r/)]d/xt 

Since and f p yQ; t dfit are both bounded, 
d f 

— J V(l - ??)Pj/ ,to d ^ 
- C ~ j ^VPy ,t [( h 3ik ~ h A2 k) 2 + (h 32k + h Alk f] dp, t 

■ - »?)P2/o,to + V V • ^IPyoM + V V ■ Vp Wit() (1 - r])]dpt 

The last term is also bounded by the following computation. 
/ VV • Vp yo ,t {l-v)dp t <C / \Vp yoM \dp t 

J JB\Bi r (y ) 

Since V Pyo , to = -Py ^Zo-t and |V|F-y | 2 | < |V|F-y | 2 || < 
2\F — 2/0 1 j w e have 



1 „ 2 



-4 r 



/ VV • Vp 90 ,( (1 -rj)dp t <C [ exp( 4 ' - )rf^ 
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The last expression approaches zero as t — > £q. 
Therefore 



d_ 

dt 



ip(l- i])pyo,t dfH 
<C - J ^rjPy ,t K h 3ik ~ h i2 kf + (h 3 2k + Kik) 2 ] dm 
+ J (W • #)(1 - v)pyo,t dp t + Jvip- Vr? p yo ,t dfi t 
The term J ■ Vry Pj/ ,t d//t can be written in the following 



VV> , v f - rj , v , . 1 f \Vlp\ 
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(^^py^)-(V7 ly / i>^p—^)dfj, t <^ J ^p yo , to dp t + e 2 J \Vr)\ 2 ippy 0tto d[j,t 

where we use (VV'I 2 < |V?/>| 2 - 

In a normal coordinate system, we compute V77, again use the basis 
in equation (4.1). 



dkV =d k ( 



u{di,d 2 ) 



(5.8) 



=d k (uj{di,d 2 )) 

=uj(A(d k , d x ),d 2 ) + u{d u A(d k , d 2 )) 

= h a i k UJ a2 + h a2k LO\ a 

= \/l - r] 2 (h 41k + h 32k ) 
Therefore |Vr/| 2 < (1 — r/ 2 )(/i 4 ifc + h 32k ) 2 and thus 

Vip • Vrjp y0! t dp t <-^j ^^-p yo ,t Q dp t + e 2 j \l - rj 2 )(h 41k + h 32k ) 2 Tppy Q> t Q dp t 
Likewise since \H\ 2 < 2[(/i 31 / c — h 42k ) 2 + (h 32k + ^4ifc) 2 ]> we have 



(W • H)(l - rj)py 0tto dpt 
~ le 2 / ^~^~ Pyo ' to dpt + 2(2 ^ 2 ^ h31k ~ ^fc) 2 + (^4lfc + h 3 2k) 2 ]^Pyo,t dpt 

Since ^ is of compact support, by Lemma 6.6 in [||, < 2 max | VV?/>| 
is bounded . 
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Since ij > S, we can choose e small enough so that 



d f 

— I V(l - v)py ,t din 
<C -Cs J i>Py ,t [{hzik ~ h 4 2k) 2 + (h 32 k + h 41k ) 2 ] dm 



(5.9) 



where Cs is a constant that depends on 5. 

From this we see that limt_^t J — fi)Py ,t dm exists. 

For A > 1, let's study the flow S x C R N x [-X 2 t ,0). Let p x A (y,s) 
be the backward heat kernel at (0, 0) and ip x (F x (x)) = tp(Ft(x)). Recall 



that t = to + jz, thus 



d 
ds 



^ X (l- V x )p x fi dp x 
1 d f 



C Cs f 

- ~)2 ~ ~J2 / ^Pyo,t [( h 3ik - h 42 k) 2 + (h 32 k + h 4 ik) 2 } dfi t 

We notice that r\ is a scaling invariant quantity therefore rj x = rj. It is 
not hard to check that 

^2 j ^Pyo,t [( h 31k ~ h 4 2kf + (h 3 2k + h 4 i k f] dfl t = J V'Vo.oK^lfc ~ h 42k) 2 + ( h 32k + h llk) 2 \ d Ps 

This is because p yo j dpt is invariant under the parabolic scaling 
and the norm of second fundamental form scales like the inverse of the 
distance. 

Therefore 

^ J ^(l-^poV^ 
% " °S j ^Po,op3ifc " h X 2k? + {h X 2k + h x lk f] dp x 

Compare with equation ( |5.9| ) and we see this reflect the correct scal- 
ing for the parabolic blow-up. 

Take any r > and integrate from — 1 — r to — 1. 



Cs I I i> X Po, [{h X i k ~ h x 2k ) 2 + (h x 2k + h x lk f] dp+ds 



1-T 



< 



J ^(l-r/V,o^i-/^(l-r/V,o^-i-r + ^ 



(5.10) 
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Notice that 



This equality means the quantity J ip(l — i])py ,t dpt is invariant 
under parabolic scaling. This fact is extremely important in applying 
the Monotonicity formula. Recall the natural Monotonicity formula for 
the volume 



jjdp t = -j \H\*dp t 

But J dp^ = A 2 J dpt is not scaling invariant. This deteriorates the 
usefulness of the formula in the blow-up analysis. 

Now the right hand side in equation ( |5.10D tends to zero as A —* oo. 
For any sequence A, — > oo, we can choose Si — > — 1 such that 

/ ^ Ai Po; [(^i fe - h l2kf + + h li k ) 2 } di^i - o 

as i — » oo. 

It is not hard to compute that 

\A\ 2 (S^) = h A \ 2 (S to+ «) = (Zl )(t0 _ ti )\A\ 2 (S ti ) 

\ i S 

The assumption implies each has uniformly bounded second 
fundamental form. By the same method used in || , any higher covariant 
derivatives of the second fundamental form ofSp is bounded. Therefore 
the convergence S£? — > Sf[ is smooth. 

We may assume each St is connected by taking connected compo- 
nents. Therefore we have {h^ik — h^k) 2 + (^32fc + ^4ifc) 2 = for «Sf^. 
This implies Vry = and H = 0. Applying the same argument to the 
monotonicity formula for f ^p yo j dpt gives H+lF 1 - = for S™ v To 
sum up, we get F 1 - = and V77 = for S^y. The first condition implies 
S^ is a plane with multiplicity one. On the other hand, 



lim 

U — >io 



Pyo,t dpt 



lim 

i— >oo 



1 



4vr(-Si) 



exp(- 



4( 



7?Ai|2 



4^ eXp( - 



|^700 1 2 



dpi 
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where Aj = 




The last Gaussian integral for a plane can be calculated directly and 
is equal to 1. By White's theorem, (yo,io) is a regular point. q.e.d. 

We recall the following definition of type I singularities for the mean 
curvature flow. 

Definition 5.2 A singularity at to is called type I if there exists a C 
such that \A\ 2 < j^-z. 

Recall a Kahler manifold M is called Kahler-Einstein if Ric = eg for 
some constant c. In this case, the scalar curvature s of M is a constant 
and c = |. A immersion F : £ — ► M is symplectic if rj > 0. 

Theorem A Let M be a four- dimensional Kahler-Einstein manifold, 
then a symplectic surface remains symplectic along the mean curvature 
flow and the flow does not develop any type I singularities. 

Proof. Since Ric(J-,-) = by Proposition |4.l| , the equation of 

rj = *uj now becomes 



—77 = An + n[(h 31k - h 42k ) 2 + (h 32k + h 41k ) 2 + c(l - n 2 )] (5.11) 

The first assertion follows from maximum principle for parabolic 
equations. Actually, when c > 0, i.e. the nonnegative scalar curvature 
case, the function min^ rjt is a non-decreasing function of t. In any case, 
by comparison theorem for parabolic equations, rj has a positive lower 



bound at any finite time and Proposition 5.2 is applicable. q.e.d. 



Remark 5.1 The same argument can be used to prove there is no type 
I singularity for the mean curvature flow of an almost calibrated La- 
grangian submanifolds in a Calabi-Yau manifold M. Here the almost 
calibrated condition is *Q > where Q is the real part of the canonical 
form on M . In fact, *f2 satisfies 



— *n = A*n + \H\ 2 *n 

dt 

A smooth blow-up limit satisfies H + ^F 1 - = and H = and is 
thus a linear subspace. 
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6 Long time existence and convergence 



In this section, we study the problem of long time existence. The main 
result is the following. 

Proposition 6.1 Let M be an oriented four- dimensional compact man- 
ifold. Let to' and u" be two parallel calibrating form such that uj' is self- 
dual and to" is anti- self- dual . Let (Y,Q,d[i) M be an compact surface 
with orientation d/j>. Let F : E x [0, to) — > M be the mean curvature flow 
of Eo such that there exist a 5 > with *to' > 5 and *to" > 5 on i*t(S) 
for < t < tQ. Then F can be extended smoothly to E x [0, to) for some 
to > to- 
Proof. The assumption implies {to 1 ) 2 and {to") 2 determine different ori- 
entations on M. Choose an orthonormal basis {ei, e 2 , e^, e±} for TM 
with {ei,e2} a basis for TE such that (u/) 2 (ei, e 2 , e 3 , e±) > and 
d[i(ei,e 2 ) > 0. 

Both (J and to" are parallel calibrating forms and Proposition 4.1 is 
applicable. Therefore, 

-^r/ = Arf + r/'[(h 31k - /i 4 2fc) 2 + (h 3 2k + h 41k ) 2 ] + (1 - {r]') 2 )Ric{J 1 {ei), e 2 
On the other hand by switching e 3 and e&, 

^-rj" = Arf' + rf'lQi^k ~ h 3 2k) 2 + (h&k + h 31k ) 2 } + (1 - {n") 2 )Ric{ J 2 (ei), 
Adding these two equations and denote rf + rj" by fi, we get 

: H =A/i + /j,\A\ + 2{rf - rj')h 32k h 4 \ k - 2(rf - rj")h 3 i k h4 2k 



df 

+(1 - {r ] ') 2 )Ric{J 1 {e 1 ),e 2 ) + (1 - {r]") 2 )Ric{ J 2 {e x ), e 2 ) 

Write /x = 2(min{?/,r/ / }) + |r/' - rf'\, then /x > 25 + \rf - rf'\. After 
completing square, fi satisfies the following inequality. 



^-u > Afi + 25\A\ 2 -C 
dt 

where — C is the lower bound of the Ricci curvature of M, Ric > — Cg. 
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As before, we can isometrically embed M into R . To detect a 
possible singularity at a point (yo,to), where yo £ M M N and to < °Oj 
take a ball B of radius r about yo £ an d ifi a cut-off function as in 



the proof of Proposition 5.2. A similar argument yields the following 
inequality: 



d_ 
~d~t 



ip(2 - fJ,)p Vo , to dp t 



<C-C S J 7pp yo j \A\ 2 dfi t 

where C$ is a constant depend on 5. 

Therefore lirn t _^ f ifjp y0: t (2 — p)dpt exists. Let S Xi be a blow-up 
sequence at (yo, to) that converges to 5°°. As in the previous section we 
can show for a fixed r > 0, 



[^p^ \A\ 2 d^ds<C(j) 

-1-T J 

where C(j) — > as A-,- — > oo. 

Choose Tj — ► such that — ► and Sj £ [— 1 — Tj, — 1] so that 



/ 



We investigate this inequality more carefully. Notice that is 
supported in B x . r (0) C R N and ^ = 1 in £^(0). Also 



* o(F * ) = 4^ exp( i|^y ; 



If we consider for any i? > 0, the ball of radius R, -Br(O) C WL N , 
en 
then 



when j is large enough, we may assume ^ > i? and —1 < sj < — \, 



^pjfol^l 2 ^ > ^exp(^) /* |^| 2 ^ 
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This implies for any compact set K C M. N , 

( \A\ 2 dp X s ] asj oo 
JT, s ] nK 

3 

Now we claim this together with the fact that \i has a positive lower 
bound imply limj^oo / p yo ,t dp t =]imj^ (X> J popd^ < 1- We may 

assume the origin in R N is a limit point of S Sj J , otherwise the limit is 
zero. 

We notice that uj' +u" is a parallel two form with Ai = 2 and A2 = 
from the last paragraph in §3. Therefore the holonomy group of M 
splits into 50(2) x £0(2) and M is locally a Riemannian product. For 
simplicity, we shall assume M is a product Si x S2 such that ^(u>' +u>") 
is the volume form of Si. In fact, we can choose local coordinates 
(x 1 ,!/ 1 ) on Si and (x 2 ,y 2 ) on S2 so that uj 1 = dx l A dy 1 + dx 2 A dy 2 , 
uj" = dx 1 A dy 1 - dx 2 A dy 2 and p, = 2(dx l A dy 1 ). 

Let 7Ti : Si x S2 1— ► Si be the projection. ^ is in fact the Jacobian 
of the projection 7Ti when restricted to S t and the restriction 7Ti|e ( is 
a covering map. Now take any neighborhood f2 of vri(yo) & Si and 
consider 7rj~ (Q) n S<. Take any component and denote it by St- S is 
an unparametrized flow. Each St can be written as the graph of a map 
u t : f2 1— ► S2 with uniformly bounded \dut\ since pt has a uniform lower 
bound. Since yo is a limit point of S »j ; by choosing 17 small enough, 

we may assume the graph of Uj = u to+ a j lies in B. 

Now we consider the parabolic blow up of the graph of Uj in R N by 
Aj. This is the graph of the map Uj from to AjS2- It corresponds 
to a part of S s j . By the assumption that the origin is a limit point of 

T*sj and \duj\ is uniformly bounded, we may assume Uj — ► -Uqo in O a on 
compact sets. Uoq is an entire graph defined on IR 2 . 
Other the other hand, 

\A\j < \VduA < ^l + \du^f\A\, 

where \A\j is the norm of the second fundamental form of Ss- and \ Vduj\ 
is the norm of the covariant derivatives of dv,j . Now we identify Q, with 
an open set in M 2 . Therefore for any B p C R 2 , uj satisfies 
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\Duj\ <C, \D 2 Uj\ 2 -» 

J B p 

where Duj and D 2 Uj are the usual derivatives with respect to coordinate 
variables on M 2 . Denote Vj = then \vj\ < C and f B \Dvj\ 2 —* 0. 

Let Cj = Vol ^ B ^ / vj, then we can choose a convergent subsequence 
Cj — > c. By Poincare inequality, 



>j-cj\ 2 <\ J \Dvj\*^0 

Therefore ^£ — ► c& in L 2 . Since we may assume Uj — ► in 

C Q n Wj^, this implies <S S ? — ► 5^ as Radon measures and is the 
graph of a linear function. Therefore 



^lim J po,od/J,sj = J jOo,o^M-i = 1 

By White's theorem again, we have regularity at the point yo,to). 

q.e.d. 

Now we prove Theorem B. 

Theorem B Let M be an oriented four- dimensional Einstein manifold 
with two parallel calibrating forms lo',uj" such that lo' is self-dual and 
lo" is anti- self- dual. If E is a compact oriented surface immersed in M 
such that *uj',*uj" > on E. Then the mean curvature flow of J] exists 
smoothly for all time. 

Proof. *u' and *lo" have positive lower bound for any finite time by 
equation ( |5.11| ), therefore the assumption in Proposition 6.1 is satisfied, 
q.e.d. 



7 Convergence at infinity 

In this section we study the convergence of the mean curvature flow 
at infinity. The key point is to show uniform boundedness of \A\ 2 in 
space and time. We first compute the evolution of the second funda- 
mental form. Let E — > M n be an isometric immersion. We choose an 
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orthonormal basis {e^} for T£ and {e a } for iV£. Recall the convention 
for indexes are A, B, C ■ ■ ■ = 1 • • • n, i, j, k ■ ■ ■ for tangent indexes, and 
a, /3, 7 ■ ■ ■ for normal indexes. Now denote the coefficient of the second 
fundamental form by h a ij =< A(di, dj), e a >. The covariant derivative 
of A is defined as 

(V a ^)(^, dj) = (V 9i A(d u dj)) N - A{{V dl di) T , d 3 ) - A(di, (V^) T ) 
We denote 

h a ij,k =< (V dk A)(d i ,d j ),e a > 

and 

Kij,kl =< (^d l ^d k A)(d i ,d j ),e a > 
Let Ah a ij = g kl h a ij : ki be the Laplacian of h a ij. 

Proposition 7.1 For a mean curvature flow F : £ x [0, to) —> M of 

any dimension, the second fundamental form h a ij satisfies the following 
equation. 

-j^haij = Ah aij + (^d k K)aijk + d 3 K )akik 

— 2Knj k h a ik + 2K a pj k hpik + 2K a p ik hf3jk 

— Kikikhaij — Ki k j k h a u + K ak p k hj3ij 

haim(,h"Ymj h"f hymkh"yjk) 
hamk(hry m jhryi k hj mk hjij*) 

— h(3i k (hpijh a i k — hpi k h a ij) 

— h a j k hf3 ik hf3 + hpij < ep, V#e Q > 

where Kabcd is the curvature tensor and V is the covariant derivative 
ofM. 

In particular, \A\ 2 satisfies the following equation along the mean 
curvature flow. 

j t \A\ 2 = A\A\ 2 - 2\VA\ 2 + 2[(V dk K) aijk + (V dj K) akik ]h aij 

— ^Kujkh a ikhaij + 8K a pj k hpi k h a ij — 4:Ki kik h a ijh a ij + 2K ak p k hpijh ai j 
+ 2 ^ ^ ^ h a i k hy mk — h amk hyi k ) + 2 ^ ^ ] h a ijh amk ) 

a,j,i,m k i,j,m,k a 

(7.2) 



(7.1) 
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Proof. 

We first derive equation ( |7.2| ) from equation (7.1). 
Since \A\ 2 = g tk g^ l h a ijh ak i, calculate using a normal coordinate sys- 
tem near a point p we have 

Recall jj- t Qik = ^hphpik and plug in equation ( |7.1| ) to get 
— \A\ 2 = khphpikhaijhakj 

+ 2h a ij[Ah ai j + (Vo k K) ai j k + (VdjKJakik 

— ZKlijkhalk + 2K a f3jkhpik + 2K a f3ikhf3jk 

— Klkikhalj — K[ k j k h a u + K ak p k hpij 
haim(hry m jhry hj mk hjj k ^) 

foamk (.h"ymj : ^"yik ^"jmkhjij) 

— h{3ik(hpijh a i k — hpikh a ij) 

— hajkhpikhp + hpij < ep,Vu e a >] 

The first term on the right hand side ^hphpi k h a ijh ak j cancels with two 
later terms. They are so-called "metric" terms and vanish if we choose 
a orthonormal frame in our computation. 

The last term on the right hand side 2h a ijhpij < ep, V#e Q > is zero 
by symmetry. 

Now use 



Ah 2 aij = 2\VA\ 2 + 2h aij Ah aij 



Therefore we get 



A\ 2 = A\A\ 2 -2\VA\ 2 

+ 2h ai j[(VQ k K) ai j k + {VdjK)akik 

— ^Kuj k h a i k + 2K a pj k hpi k + 2K a f3 ik h/3j k 

- Kikikh a lj — Kikjkhali + K a k/3khj3ij 

h a i m h^ m kh^j k h arn k(hry m jh^ik hj mk h^ij) hpi k (hpijh a i k hpikhaij 
The fourth order terms can be calculated as the following 
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— 2h a j i jh a j jm hj mk h^ k j 2h a ijh amk hry m jhryi k + h a ijh amk hry mk h*yij 

The first two terms can be completed to square. 



^haijhaimhrymkhrykj 1h a ij h amk h^ m j h^ik 

— ^hctijhaikh^mkhymj 2h a ijh amk h^ m jh^yi k 

— '2h a ijh'y m j(h a ikh'Ymk hccmkh'yik) 

— haijh^mj {.h a ikh-yrnk h amk flyi k ) ~i~ h am jh^ij{H amk H^i k h a i k H^ mk ) 



a,"/,i,m k 



(7.3) 



Now we calculate the equation ( |7.ip . First the Laplacian of h a ij is 
the following. 



Ah a ij — h a ij (V d^-^^aijk dj K)akik 

+ ^Kujkhaik — 2K a pj k hpi k — 2K a p ik hpjk — K ai ^hp 

+ Kikikh a lj + Kikjkhali — KakfSkhfiij 

h a i m (h^ m jh^ h^ mk h^yj k ) 
+ hj3ik(h/3ijh a ik — hpikhaij) 



(7.4) 



-=N-=N - 

In codimension one case, this equation reduces to 



where h a ,ij =< V ^ ' 9 M r , e a >. 



Ahij =H t ij — (Vg k K) Ni j k — {V P jK) Nkik 
+ ZKiijkhik — KNijn+iH 
+ K mk hij + Ki k j k hu — K NkNk hij 
~l~ hi m h m jH h mk hij 



This recovers equation (1.20) in ||. 

The equation (|7.4j) is computed using the Codazzi equation and the 
commutation formula. 

hakj,i haki,j ^akij 

haij,ki = h a ij^ k h a i m R m ji k h am jR m ii k hpijRp a i k 
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where R m jik is the curvature of TT and R a pik is the curvature of 
NT,. 

We start the computation with h a ^j = h akk ,ij- 

h-akk,ij 

(.foaki,k ~)~ ^-akik^j 

— haki,kj "I" ^-akik,j 

haikjk haimRmkjk hamkRrnijk hf3ik-R{3ajk ~i~ ^akik,j 

— (haij,k ~)~ Kaijkjk haimRmkjk h am kR<mijk hfiikRfiajk ~i~ -^-akikj 

By the Gauss and Ricci equation, we have 

Rmkjk ^mkjk hymjh>yl-l- hy mk hykj 
Rmijk — K m j,jk ~\~ h-ymjh-yik h^ mk hyij 
R(3ajk = Kfiajk + hpijh a i k — hpi k h a ij 

Therefore 



Ah a ij h a ij K a ij kk -^akikj h a i m K mk j k h arnk K m ij k + h^ k Kp a jk 

h , a7nk\h''Yrnjh"yik ^ymk^yij) 
+ hj3ik(hi3ljhalk — hpikhalj) 

The covariant derivative term can be calculated as the following. 

■Kaijk,k 

= (y d k K) a ijk — K H j k h a ik + K a/3 j k hf3ik + Kaipkhpjk + K ai j[3hp kk 
K a kik,j 

= (Va-JQafcifc — Ki kik h a ij + K al3i khpkj + Kakpkhpij + K aki ph/3kj 

Note that K a ij k is considered as a section of the bundle NT ® TE (8) 
T£(S>T£ in taking covariant derivatives . We collect all the embient cur- 
vature term and use the first Bianchi identity K a ^ k + K ak ip = —K a p k i 
to get equation ( |7.4[ ). 

Next we calculate the equation for h a ij =< Vdjdi,e a >. 



d 

< V dj V H di, e a > - < K(H, dj)di, e a > + < V d A,V H e a > 
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By breaking Vg^Vg^ into normal and tangent parts, we get 



< V dj V di H,e a > =< V dj [(V di H) T + (V di H) N ],e a > 

=< v£v£ff,e a > - < (V dt H) T ,V 9] e a > 

Therefore, 



-^Kij = h a>i j - hpKpjia- < (V dz H) T ,V 9] e a > + < V^d;, V# e Q > 

where h a ,ij =< V^V^i?,e Q >. 

The term < (Vg i H) T , V > is equal to hphpikh a jk- Also since 
we choose a normal coordinate in our computation, (Vg i dj) T = and 
< V Qi dj, V H e a >= h pij < e/3,V H e a >. 



~r^h a ij = h a< ij — hphpikh a jk — hpKpji a + hpij < ep,V H^a > (7>5) 
Combine equation (7.4) and ( |7,5[ ), we get the parabolic equation for 

haij ■ 

q.e.d. 

The following proposition provides a uniform bound of the second 
fundamental form when *u' and are both close to one. 



Proposition 7.2 Let M be a compact four- dimensional manifold with 
bounded geometry. Let u' and uo" be two parallel calibrating forms such 
that to' A u' and uj" Au" determine opposite orientation for M . LetT, be 
an oriented immersed surface in M . There exists a constant 1 > e > 
such that if *u/ > 1 — e and *uj" > 1 — e on i*t(£) for t £ [0, T\, then the 
norm of the second fundamental form o/i^(S) is uniformly bounded in 
[0,T]. 



Proof. The fourth order term in equation (7.2) can be calculated ex- 
plicitly in the four-dimensional case. 
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a,-y,i,m k 

= E^E ^3ikh4mk ~ h 3mk h iik ) 2 + E(E h Aik h 3mk ~ ^4mfe^3ife) 



i,m fc i,m A; 

\2 



— 2 E^E h 3ik h Amk - h 3mk h 4ik y 

i,m k 

= 2[(E hzi k h A2 k — ^32fc^-41fc) 2 + (E h 41k h 32 k — ^42fc^31fc) Z 
fe A; 

= h 3 i k hi2k — /l32fc^41fc) 2 

111 

= 4[-(/l 3 ifc + h i2 kf + ^(^fc - /l41fc) 2 - 

= [(/isife + h i2k ) 2 + (^32fc - /Mifc) 2 " l^l 2 ] 2 



(7.6) 



By Schwarz inequality, 

E (E^-^) 2 ^ E (E^-xE^) ^ i^i 4 

i,j,m,k a i,j,m,k a a 

Therefore 

-^|A| 2 < A|A| 2 - 2|VA| 2 + 4|A| 4 + if^ 2 + K 2 (7.7) 

where Ki and K 2 are constants that depend on the curvature tensor 
and covariant derivatives of the curvature tensor of M. 

Again we consider fj, = rj' + rj" . Since 7/ > 1 — e and 17" > 1 — e, we 
have /U > 2 — 2e and |r/ — rj"\ < e < ^r^A*- 



^/j > Afi + pt| 2 + 2(77' - r]")h 32 kh4ik - 2(t]' - r]")h 31k h 4 2k - C/j, 

> A/j + fi(\A\ 2 - 2 ^ ^ 2 J h 32k h Alk \ - 2 ^ ^_ 2 J h 3lk h 42 k\) - Cfi 

> Afi + m|^|:I^| 2 + J^Y e (\ A \ 2 - 2 \ h 32kh 4 ik\ ~ 2\h 3lk h A2k \)} ~ Cfi 

The term (|^4| 2 — 2\h 3 2 k fi4i k \ — 2\h 3 i k h^2k\) is a complete square and thus 
nonnegative. 
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Therefore 



—H > Afi + Cl (e)[i\A\ 2 -Cn 

where c\(e) = |5§f , notice that c\(e) —* 1 as e — > 0. 

Let p > 1 be an integer to be determined, we calculate the equation 
for n p . 

= VH^j^ > Ptf-\AvL + Cl (6)/x|A| 2 - Cp) 

Use the identity AyP = p(p — l)/x p ~ 2 |V^| 2 + pp p_1 Ap, the differential 
inequality for fi p becomes 

±n* > AfjF - p(p - lK- 2 |V/i| 2 +p Cl {e)pP\A\ 2 - CpyP 

Now we estimate the term |V/u| 2 
We calculate as in equation (|5.8|) 

|V^| 2 <2(l-( ?? ') 2 )(/ l 2 lfc + / i k) 
\V V "\ 2 <2(l-( V ") 2 )(hl lk + hl 2k ) 

Since rf > 1 - e, 1 - (V) 2 < 1 - (1 - e) 2 < 2e. Therefore 

|VH 2 < 2(|W| 2 + |W| 2 ) < 86|A| 2 < _Ji_ M vi a 

Denote / 2 J| e \a = c 2 (e). 
Thus 

> A/i p + p[d(e) - (p - l)c 2 (e)K|,4| 2 - CV 
Plug in / = |j4| 2 and g = yP m the identity 

= + 2^ • V(£) + - Af)g - (4 - A*)/] 

at 9 g g g g z at at 
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Therefore 

iW 1 <4(ff )+! V ( *)V 
dt K fjP ' ~ v pP ' v fjP ' fjP 

+\{[-2\VA\ 2 + A\A\* + K±\A\ 2 + tf 2 ] M * 

- Wi(e) -{p- l)c 2 (e))^\A\ 2 - Cp^]\A\ 2 } 
The last term is less than 



|4|4 1/112 i 

[4 _ p ( Cl(e ) _ (p _ l) C2 ( e ))]U- + (K\ +Cp)LL + K 2 - 

Recall that ci(e) — > 1 and 02(e) — > as e — ► 0. 

Choose p large enough and then e small enough so that (2 — 2e) p [4 — 
p(ci(e) - (p — l)c 2 (e))] < -Ci for some Cj > 
Then 

[4-p(ci(e) - (p-l)c 2 ( e ))]^£ = [4 - p( Cl (e) - (p - l)c 2 ( e ))] M ^ < 
Denote / = then / satisfies 

^/ < A/ + F • V/ - d/ 2 + C 2 / + C 3 

ore 

Now we apply the maximum principle for parabolic equations and 
conclude the is uniformly bounded, thus \A\ 2 is also bounded. 

q.e.d. 

Now we prove Theorem C. 

Theorem C Under the same assumption as in Theorem B. When M 
has non-negative curvature, there exists a constant e > such that if E 
is a compact oriented surface immersed in M with *uj',*uj" > 1 — e on 
Kj the mean curvature flow o/S converges smoothly to a totally geodesic 
surface at infinity. 

Proof. In these cases, *u/ and *uj" are both non-decreasing. Proposition 
is applicable and |j4| 2 is uniformly bounded in space and time. 
Integrating equation ([r.7[) and we see 

a L W** £ c (7 - 8) 
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Recall in this case Afj, > A/x + ci (e)//| A| 2 and r] has a positive lower 
bound, thus 



ex. 



2 

Js 



A\ 2 dfi t dt < oo (7.9) 



Equation (|7.8[) and (7.9) together implies 



\A\ 2 dfi t -> 

By the small e regularity theorem in sup St |j4| 2 — > uniformly 
as £ — ► oo. 

Since the mean curvature flow is a gradient flow and the metrics are 
analytic, by the theorem of Simon @, we get convergence at infinity. 

q.e.d. 

8 Applications 

In the following we apply the previous theorem to the case when M is a 
product 5 2 x S 2 . Denote their Kahler forms by oj\ and L02 respectively. 

Let u>' = u\ + u>2 and to" = u\ — LU2, then (to') 2 = 2oj\ A U2 and 
(uj") 2 = —2u>i A u>2 determine opposite orientations on M. Both u/ 
and u)" are parallel calibrating form and they define integrable almost 
complex structures with opposite orientations. 

Theorem D Let M = (S 2 ,uji) x (S 12 ,^)- If T, is a compact oriented 
surface embedded in M such that *aj\ > | *u>2\ and the strict inequality 
holds at at least one point. Then the mean curvature flow of £ exists 
for all time and converges smoothly to a S 2 x {p}. 

Proof. We notice the statement is a little bit different from the one 
given in the introduction. The difference is resolved by the considering 
the maximum principle for 7/ = *uj' and rj" = *uj" . It is not hard to see 
the assumption implies *uj\ > \ * 0^2 1 holds everywhere at a later time. 
By the equation of n' and n" , 



i/ = Arf + 7]'[(h 31k - h i2 k? + (h 3 2k + h 41k ) 2 } + - (r/) 2 ) 
dt 
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j tV " = At/' + r)"[(h 41k - h 32k ) 2 + (h 42k + h 31k ) 2 ] + V "(l - (r,") 2 ) 
we see that as t —* oo, they both approach 1. By Theorem A, we have 



existence for all time. Also the assumption on Proposition 7.2 is satisfied 
and the second fundamental form is uniformly bounded in space and 
time. Since the mean curvature flow is a gradient flow and the metrics 
are analytic, we can apply Simon's theorem |7j to conclude convergence 
at infinity. The limiting submanifold has *Ui = 1 identically and thus 
is of the form S 2 x p. 

q.e.d. 

Corollary D now follows from this since the condition *u% > | * uj 2 \ 
on the graph of a map / is equivalent to the Jacobian of / being less 
than one. 

We conclude this section by the following two remarks, 

Remark 8.1 When M is locally a product of two Riemann surfaces of 
nonpositive curvature, the method in @ can be used to prove uniform 
convergence of the flow. The limit is totally geodesic and the correspond- 
ing map converges to one ranged in a lower dimensional submanifold. 
Notice that the convergence in Theorem C is a stronger smooth conver- 
gence under the closeness assumption. Such results are generalized to 
arbitrary dimension and codimension in ^j. 



Remark 8.2 The case when *uj\ > and *uj 2 = corresponds to X is 
Lagrangian surface with respect to the symplectic form oo 2 . If T, is the 
graph of a map f , then f is indeed an area preserving diffeomorphism. 
This case and the application to the structure of the diffeomorphism 
groups of compact Riemann surfaces are discussed in ^J. 
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